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Figure 7. Aggregate Output as Capital Becomes Infinitely Productive.

Note: Both panels plot aggregate output 𝑌𝑡 =
[︂
(𝐴𝑘𝑡𝐾𝑡)

𝜎−1

𝜎 + (𝐴ℓ 𝑡𝐿𝑡)
𝜎−1

𝜎

]︂ 𝜎
𝜎−1

as a function of 𝐴𝑘𝑡𝐾𝑡 holding

𝐴ℓ 𝑡𝐿𝑡 = 1. The left panel sets 𝜎 = 0.5: as 𝐴𝑘𝑡𝐾𝑡 → ∞, output asymptotes to the weak-links bound 𝑌̃𝑡 = 𝐴ℓ 𝑡𝐿𝑡 —

the dashed line. The right panel sets 𝜎 = 2: output grows without bound, and the level of 𝐴ℓ 𝑡𝐿𝑡 — the dashed

line — places no ceiling on output.

falls to zero. The right panel of Figure 7 illustrates the case when tasks are gross substitutes.

Next, note that—using equation (10)—we can write

𝐴𝑘𝑡𝐾𝑡 = 𝑠
𝜎

𝜎−1

𝑘𝑡
𝑌𝑡 , (13)

Using this equation and equations (11) and (12), and (13) we have the following

𝑌
𝜎−1

𝜎
𝑡 = 𝑠𝑘𝑡 (𝑌𝑡)

𝜎−1

𝜎 +
(︁
𝑌̃𝑡
)︁ 𝜎−1

𝜎 =⇒ 𝑌𝑡 =

(︃
1

1 − 𝑠𝑘𝑡

)︃ 𝜎
𝜎−1

𝑌̃𝑡 ,

Hence, we can show that

𝑌̃𝑡

𝑌𝑡
=

(︃
1

1 − 𝑠𝑘𝑡

)︃ 𝜎
1−𝜎

≈ 1 + 𝜎
1 − 𝜎

𝑠𝑘𝑡 ,

where the approximation is valid when the capital share is small, i.e., when 𝐴𝑘𝑡𝐾𝑡 is large but

finite. This shows that the percent gain in output from making capital infinitely productive

at the automated tasks is finite whenever 𝜎 < 1. This gain is the difference between the solid

blue line and the broken red line in the left panel of Figure 7.
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