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Figure 6. Uniform Productivities.

Note: The figure imposes Assumptions 1 and 2: capital productivity is uniform at 𝜓𝑘𝑡 on [0, 𝛼𝑡] and zero

on [𝛼𝑡 , 1] while labor productivity is uniform at 𝜓ℓ 𝑡 across all tasks. Tasks 𝜈 ∈ [𝛼𝑡 , 1] can therefore only be

produced with labor. Producing tasks 𝜈 ∈ [0, 𝛼𝑡] with capital is optimal because

𝜓𝑘𝑡

𝜓ℓ 𝑡
exceeds the relative factor

price 𝑅𝑡/𝑊𝑡—the dashed horizontal line.

long as there is not enough capital in the economy to produce all the 𝑌𝑡 (𝜈) demanded for

tasks 𝜈 ∈ [0, 𝛼𝑡] when the prices of all tasks are equal (as they are with
𝑅𝑡
𝜓𝑘𝑡

=
𝑊𝑡

𝜓ℓ 𝑡
). In this

case, labor will be employed in the production of tasks in the range 𝜈 ∈ [0, 𝛼𝑡] alongside

capital. However, if the amount of capital in the economy is large enough relative to labor to

produce more than all the quantity of tasks 𝜈 ∈ [0, 𝛼𝑡] that is demanded when the price of

all tasks are equal, then the price of capital will fall to a point where
𝑅𝑡
𝜓𝑘𝑡

< 𝑊𝑡

𝜓ℓ 𝑡
. We state this

result formally in the following lemma:

Lemma 2. (Factor Prices) If 𝐾𝑡𝐿𝑡 > 𝐾𝑡/𝐿𝑡 , factor prices satisfy

𝑅𝑡

𝜓𝑘𝑡
<
𝑊𝑡

𝜓ℓ 𝑡
,

implying that all tasks 𝜈 ∈ [0, 𝛼𝑡] are fully automated.

Using the factor market clearing conditions derived below—equation (7)—and
𝑅𝑡
𝜓𝑘𝑡

=
𝑊𝑡

𝜓ℓ 𝑡

we can show that

𝐾𝑡/𝐿𝑡 ≡
𝛼𝑡

1 − 𝛼𝑡

𝜓ℓ 𝑡
𝜓𝑘𝑡

.

In what follows, we focus on the case where the inequality in Lemma 2 holds, unless

otherwise noted.
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