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Appendix A. Second Order Approximations

Appendiz A.1. A Deriwation of a 2nd Order Approzimation to the Firm’s Value

It is straightforward to show that the steady state price with full commitment is

where variables without subscripts denote steady state values. Notice furthermore that
equation (1) in the paper implies that C' = (1 —7)c(z) and equation (2) in the paper implies
that (1 —~v8)P = p(z). A second order Taylor series approximation of the value of the firm

around the steady state of the solution to the firm’s problem with commitment is given by
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where “ex. terms” stands for terms that are exogenous to the firm’s decision problem, &

stands for a vector of the exogenous variables and O(]|¢]|?) denotes higher order terms.
The exposition of our results is simplified if we make a change of variables. Let ¢(z) =

log(ci(2)/c(z)) and define hatted versions of all other variables in the same way. Making use

of the fact that
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we can rewrite equation (A.1) as
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Appendiz A.2. A Derivation of a 2nd Order Approzimation to the Consumer Demand Curve
Notice that consumer demand—given by equation (2) in the paper—may be rewritten as
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A second order Taylor series approximation of this equation around the steady state of the

solution to the firm’s problem with commitment is given by
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where s.0.ex.terms denotes “second order exogenous terms” and O(||¢,7]]?) denotes terms
that are third order (or higher) in [|£,~||. The norm [|¢,~|| is simply meant to denote the
standard Euclidian distance norm in (&, ) space. As in the case of the expression for the
value of the firm, we find it convenient to rewrite equation (A.3) in terms of the hatted

variables and subsitute the E;é¢;y1(z) term our for a Fyp,11(2) term. This yields
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Appendix B. Proofs of Propositions
Appendix B.1. Proposition 1

Proof: We can rearrange equation (5) in the paper so that it says that

1 . v . VB . . 1 1 . 9
——C4\ k) — /= C4_ Z——EC Z:—e Z)— ——C4\ %
Ty &) T Ty Tt ) Ty gt () = —0ne) — g R ale)

1 1+6 R 9 9_1 N - 1 6 N 2
+= e(2) — ————&(2) T — =——— (2
2ﬂ1—wﬂ—7—vmt() =g g =)

1
1—v—9p

Now notice that equation (4) in the paper may be written
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Substituting consumer demand into this expression now yields
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If we now multiply this expression by (1—7)(1—~—~0), use consumer demand to substitute

for ¢;(z) and simplify, we get that
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Setting the derivative of this with respect to p,(z) for ¢ > 1 equal to zero shows that the

firm’s optimal pricing policy under full commitment to a state-contingent rule for ¢ > 1 is
ﬁt(Z) = gt + Tt

up to an error of order O(]|£,~|?). B



Appendiz B.2. Proposition 2

Proof: A derivation analogous to the derivation of expression (B.1) yields that the

objective of the firm at time ¢ can be written as
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We seek a Markov perfect equilibrium that is accurate up to a residual of order O([|€, ~|[?).
The definition of a Markov perfect equilibrium implies that the strategies of the firms are
functions of only the “pay-off relevant” state of the economy. In our model, the state of the
economy at time ¢ is (¢&_1(z), S, 'ft). However, given our approximation, ¢_1(z) contributes
only terms of order O(]|¢,~]||?) since it is multiplied by 7 in consumer demand. This implies
that, up to a residual of order O(]||¢,7][?), the stretegies of the firm are functions of only
(S’t, Tt) Since these two variables are i.i.d., the firm can correctly assume that its decisions
at time ¢ have no effect on outcomes in any period 7' > t + 1. The firm can therefore simply

maximize expression (B.2) with respect to the current period price p;(z). This yields

p(z) = 5= : -+ S+ T, (B.3)

up to an error of order O(]|£,~|?). B
Appendiz B.3. Proposition 3

Proof: We must show that the firm does not have a profitable deviation when it is
setting p(2) = pf(z). The potential benefit from deviating at this point is a higher price
in the current period. Denote this benefit by I1¢ — II¢ (which could be negative). The loss
is the change in future profits associated with playing the Markov perfect equilibrium in
future periods rather than p;,;(2) = pf,;(z). Denote the expected loss in the period after
the deviation by E[II¢, —II" | and the per period loss in subsequent periods by E[II¢—1II"™].
The firm will refrain from deviating in the current period if ITI¢ — IIf < SE[IIS, — II'] +
B2E[1¢ —T1I™] /(1 — B). This condition will hold for all 3 > B, where j, is implicitely defined

by II¢ — TI¢ = BB, — Y] + ﬁfE[HC —1I"]/(1 = j,). The firm will never deviate if
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B >p= maxﬁt. If T1¢ — TI¢ is negative, B = 0. It is relatively easy to show that j3 is
independent of v. l
Appendiz B.4. Proposition 4

Proof: First, we show that the profit maximizing price rule assuming that prices can
only be changed in odd numbered periods is given by equation (10) in the paper. The value
of the firm’s expected profits from period ¢ on are given by expression (B.2). The firm
maximizes this expression with respect to p; subject to the constraint p.(z) = pi11(2). We
can use this constraint to eliminate p;11(2) in expression (B.2) and rewrite it ignoring terms

that are exogenous to the firm’s time ¢ problem. This yields

L OO 502 (0= F30() + 0 = D)+ 02

+ex. terms + O(||€,7|]*)(B.4)

p(2)e(2)

Maximizing this with respect to p;(z) yields equation (10) in the paper.
Next, we show that the value expected profits in future periods from adhering to the price
path stated in the proposition is greater than from playing the Markov perfect equilibrium.

The value of the expected future profits is equal to
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Using equation (8) in the paper we can derive that, ignoring exogenous terms and terms of
higher than second order, the value of the expected profits of a firm if it plays the Markov

perfect equilibrium in all future periods is
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Similarly, using equation (10) in the paper we can derive that the value of the expected

profits of a firm that prices according the the rule in the proposition is larger than or equal
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Comparing these expressions we get that ming ¢, EJIIf, > EII", if
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Given this condition an argument analogous to the one given in the proof of Proposition 3
implies that the firm does not have a profitable deviation while it is setting its price according
to equation (10) in the paper as long as 5> 5. B

Appendiz B.5. Proposition 5

We must show that the portion of the price path described in the proposition that is
played in equilibrium is the best feasible price path from the firm’s perspective. Once we
have shown this, an argument analogous to the proof of Proposition 3 implies that the firm
does not have a profitable deviation from this price path.

We begin by deriving the function in our model that correponds to R(zy, pi, 6;) in Athey
et al. (2004). Given the consumer’s demand curve—equation (5)—one can view the decision
the consumer makes at each point in time as a decision about what he expects prices to be

in the next period. To see this, notice that we can rewrite equation (5) as
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Using this fact, we can rewrite the consumer’s demand curve as
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Notice that once the consumer has chosen what to expect about the firm’s price in period
t+ 1, this equation determines his demand. One can therefore view the consumer’s decision
at each point given the form of the demand curve as a choice about what to expect about the
firm’s price in the next period. In equilibrium, the consumer will have rational expectations.
We have used this fact by writing the consumer’s expectation as E;p;,1. However, more
generally, we can denote the consumer’s expectation about p; at time ¢ — 1 as z;. Using this

notation, the consumer’s demand curve becomes
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Next, notice that the second order approximation of the value of the firm—equation (4)—

may be written

S t | oA 1 1 ) ~ ) - 1 )
Ey ;p(z)c(z)ﬁ {pt(z) + 9 (m&(z) - mct_l(z)> — Emct(z)
1 N 2 11 ~ 2 ~ ~ 6 —1 4 . R R 1 . .
+5Bi(2)” + 556(2)° + Pu(2)é(2) — Siéi(2) + pr(2) Moy + gct(z)MO,t}

+ex. terms + O(|[£]*)

Using equation (B.6) to eliminate the first two terms in this expression, equation (B.5) to
eliminate ¢;(z) and multiplying the resulting expression by (1 — v —v5)(1 — 7) gives
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Collecting the terms in the sum that involve p,(2), x; and @t = 5} + Yt we can define

~
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for t > 1. This is the function in our model that corresponds to R(xy, f1,0;) in Athey et al.
(2004). Mapping our notation into the notation used by Athey et al. (2004) we get that:
Ty = x4, it = Pe(z) and 0, = ®,. In the notation used by Athey et al. (2004), the firm’s

objective function is

1
R(xy, pue, 0¢) = ype — vy — 5(9 — )i + (0 — 1)6,puy.

Notice that this function satisfies all the conditions required for the propositions in Athey
et al. (2004) to be valid. Specifically, R, (x¢, pt,0:) = —v < 0, Rpuo(x¢, p1,6¢) =6 —1> 0 and
Rz, pu,0;) = —(0—1) <0.

The main difference between our results and the results in Athey et al. (2004) is that
they consider a model in which R(xy, s, 6;) is the social welfare function, i.e. it is the
objective of all the agents in the model. The fact that R(xy, ju, 6;) in Athey et al. (2004) is
the social welfare function entails that the resulting policy is socially optimal. Here we use
the objective of the firm as our R(zy, ju,6;), which means that the resulting policy is not
socially optimal but rather the best policy from the perspective of the firm. The proofs in
Athey et al. (2004) do not rely on R(x, i, 0;) being a social welfare function. Only their
interpretation as solving for the socially optimal policy relies on this.

Given equation (B.8) and the following monotone hazard conditions: (1—P(®;))/p(®,) is
strictly decreasing in ®, and P(®;)/p(®,) is strictly increasing in ®;, Proposition 1 in Athey
et al. (2004) shows that the pricing policy that is optimal from the perspective of the firm
is static. Here p(®,) and P(®,) denote the pdf and cdf of &, respectively. We assume that
b, € [0, ].

Furthermore, Proposition 2 in Athey et al. (2004) shows that the firm’s best pricing

policy is either a constant price or it is a policy of bounded discretion, i.e.,

ﬁ*((i), z) if P e [é, (iD*]
p(z) = . L (B.9)
5 (% 2) if & € [, ]
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where ﬁ*(Ci), z) denotes the static best response of a firm with a desired price equal to $ and
b < <.

To complete the description of the policy most prefered by the firm, we must calculate
four things: 1) Under what conditions does the firm prefer a constant price? 2) What is the
optimal constant price from the firm’s perspective? 3-4) When the firm prefers to set its
price according to equation (B.9), what is the optimal cutoff point d* and what is the firm’s
static best response ﬁ*(i); 2)?

The remainder of this section draws heavily on appendix D in Athey et al. (2004). First,
notice that the static best reponse of the firm solves Rp.)(Ep(2), p(2), @) = 0. The solution
is

(P, 2) = —— + . (B.10)

If the firm’s pricing policy is of the form (B.9), then

®

Bi) = [ 5@ p(@)ab+ [ (@ 2p(@)d,

P

Using equation (B.10) to plug in for p*(®, z) in this equation we get that

A

Efp(=) = 5 — [D (& — &7)p(d)dd.

Athey et al. (2004) show that the objective of the firm, [ R(Ep(z),p(z), ®)p(®)dd may be
written

A

R(Ep(2), 7" (&, 2), ) Jr/<i> Ry (Ep(2),57(®, 2), ®)[1 — P(9)]dd

+ [ Ry (ER) (@), D)1 - P,

*

Since Rz (Ep(z),p(z), ®) = (0 — 1)p(z), this expression simplifies to

ol /¢ ¢((f>—(i>*)p(<f>)d(i>+(9—1) /1> ¢*&>[1_P(ci>)]dci>+(9—1) / ' *[1 — P(®)]dd + ex. terms.

&
Differentiating this with respect to ®* and setting the resulting expression equal to zero

yields

— /:p<ci>)dci> +(0—1) [:[1 — P(®)]dd = 0,
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which is equivalent to

% A

—y[1 — P(®")] + (6 — 1)/ [1— P(®)]dd = 0.

P

When &* < CfD, 1— P((i)*) > 0, so this last equation is equivalent to

P1oP@) pd)
—y+(0-1) [D @) 1o P@*)dé = 0. (B.11)

Notice that the second term on the left hand side of this equaiton is the conditional mean of

(1—P(®))/p(®) over the interval [d*, &)] Since (1 — P(®))/p(®) is strictly decreasing in &*
(monotone hazard assumption), its conditional mean is also strictly decreasing in ®*. This
implies that equation (B.11) has at most one interior solution. Since the expression on the
left hand side of equation (B.11) is decreasing in both 7 and d*, it is furthermore the case
that ®* is decreasing in 7.

We have shown that equation (B.11) has at most one interior solutions. To show that
such a solution in fact exists we must show that the left hand side of this equation is negative
for ®* close ® and positive for ®* = &. Notice that when &* — (%, (1 — P(®))/p(®) — 0.
This implies that for v > 0 and d* close enough to &D, the left hand side of equation (B.11)
is strictly less than zero. When P = &), equation (B.11) is not defined. However, " = & is
a solution to the equation above equation (B.11). However, since the expression on the left
hand side of that equation is strictly negative for d* < & in the neighborhood of CB, this is
not a local maximum.

Athey et al. (2004) show that at ®* = ® the left hand side of equation (B.11) becomes
—y —®. Since & < 0, this is positive for v € (0, —®). So, there is an interior solution in this
case. When v > —& there is no interior solution to equation (B.11). This implies that for
this range of v the firm’s best policy is a constant price.

Finally, when v > —& the firm chooses its constant price to maximize

A

|| RESN) 56, D)0

subject to Ep(z) = p(z). The solution to this problem is p(z) = 0.
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